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An associative ring R without unity is called radical if it coincides with its
Jacobson radical, which means that the set of all elements of R forms a group
denoted by R under the circle operation r s r s rs on R. It is proved
that, for a radical ring R, the group R satisfies an n-Engel condition for some
positive integer n if and only if R is m-Engel as a Lie ring for some positive
integer m depending only on n.  2000 Academic Press
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1. INTRODUCTION
Let R be an associative ring, not necessarily with an identity element.
The set of all elements of R forms a semigroup with the identity element
0 R under the operation r s r s rs for all r and s of R. The
group of all invertible elements of this semigroup is called the adjoint
group of R and is denoted by R. Clearly, if R has an identity 1, then
1 R coincides with the multiplicative group R* of R and the map
r 1 r with r R is an isomorphism from R onto R*.
1The second author thanks the Deutsche Forschungsgemeinschaft for financial support
and the Department of Mathematics of the University of Mainz for its excellent hospitality
during the preparation of this paper.
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Following Jacobson, a ring R is called radical if R R , which means
that R coincides with its Jacobson radical. Obviously such a ring does not
have an identity element. Recall also that every ring R may be considered
 as a Lie ring under the Lie multiplication r, s  rs sr for all r, s R.
 If r , r , . . . are elements of R, the Lie commutators r , . . . , r are1 2 1 n1
    defined inductively by r , . . . , r  r , . . . , r , r for all n	 2. The1 n1 1 n n1
 ring R is called Lie nilpotent of class at most n if r , . . . , r  0 for all1 n1
 r , . . . , r of R. Moreover, the ring R is Engel if r, s, . . . , s  0 for1 n1
each pair of elements r and s in R, and n-Engel if s appears exactly n
times. Note that Engel and n-Engel groups are defined in a corresponding
way where the usual group commutator replaces the Lie commutator. We
shall use brackets to denote Lie commutators and parentheses to denote
group commutators.
 It was shown by Jennings 9 that a radical ring R is Lie nilpotent if and
only if its adjoint group is nilpotent. He conjectured that the nilpotency
classes of both structures coincide and this conjecture was confirmed by
 Du 7 . In connection with these results it can be asked whether a radical
ring R is n-Engel if and only if its adjoint group R is m-Engel for some
positie integer m and what relation exists between m and n.
It is obvious that a radical ring is 1-Engel if and only if its adjoint group
is 1-Engel. The cases n 2 and n 3 were treated in the dissertation of
 Dickenschied 6 . In particular, he proved that the ring R is 2-Engel if and
only if its adjoint group R is a 2-Engel group; in this case, R is in fact Lie
nilpotent of class 
 3 and thus R is nilpotent of class 
 3. A similar
result for n 3 is also valid provided that R has no elements of additive
order 2. Note that every 3-Engel group is locally nilpotent by an old result
 of Heineken 8 , but up to now nothing is known about an arbitrary
n-Engel group for n	 4.
On the other hand, using well-known results of Zel’manov on the
 restricted Burnside problem, it has been proved in 2 that every n-Engel
subgroup of the adjoint group of a radical ring R is locally nilpotent for
any n	 1. Moreover, if R is finitely generated as a ring, then the
following conditions of the radical ring R are equivalent:
Ž .1 R is an n-Engel ring for some n	 1,
Ž .2 R is a nilpotent ring,
Ž . 3 R is an m-Engel group for some m	 1,
Ž . 4 R is a nilpotent group.
It is clear that a similar result does not hold in general when the radical
ring R is not finitely generated, since even a commutative radical ring
need not be nil. Nevertheless, Conditions 1 and 3 turn out to be equivalent
in the general case also.
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MAIN THEOREM. Let R be a radical ring. Then the adjoint group R of R
is an n-Engel group for some positie integer n if and only if R is an m-Engel
ring for some positie integer m depending only on n.
Our proof of this theorem is based on the local nilpotency of n-Engel
adjoint groups of radical rings mentioned above and on a result of Burns
 and Medvedev 4 which says that every locally nilpotent n-Engel group is
Ž . Ž .nilpotent of class c n modulo its normal subgroup of finite exponent e n
Ž . Ž .with positive integers c n and e n depending only on n. We prove also
that a radical ring R which is the radical join of an Engel subring S is in
fact a radical ring of quotients of S, and we derive from this that every
n-Engel radical ring on finitely many generators is nilpotent-by-commuta-
tive.
Note that the statement ‘‘if R is n-Engel, then the adjoint group R of
R is m-Engel for some m depending on n’’ will be proved for arbitrary, not
necessarily radical, rings; see Theorem 3.2 below. For algebras over fields,
 this was established by Kemer 10 in the case of characteristic zero and by
 Shalev 15 in the case of prime characteristic. The general case was
 recently considered by Riley and Wilson in 14 , where Theorem 3.2 is in
 fact proved using a different approach. On the other hand, Riley 12 has
also shown that, in addition, every nil algebra over a field of characteristic
zero whose adjoint group is n-Engel must be Lie nilpotent and so must
satisfy an m-Engel condition.
The notation is standard. For a subset S of a radical ring R we define
the radical join of S in R to be the smallest radical subring of R
containing S. If R is the radical join of S, we shall say also that R is a
radical ring on the generators of S.
2. RADICAL RINGS WHOSE ADJOINT GROUPS
ARE n-ENGEL
Let x and y be elements of a ring R. For every integer l	 0 we define
        x, y by x, y  x and x, y  x, y , y . It is easy to see that for alll 0 l1 l
l	 0 we have
l
i1 l i li x , y  1 y xy . Ž . Ž .Ýl ž /i
i0
LEMMA 2.1. Let R be a ring and S an ideal of R. If m and p are positie
    lintegers and x, y  pS for eery x S and some y R, then x, y  p Sm lm
for eery integer l	 1.
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Proof. Indeed, there exist elements x  S, i	 0, such that x  x andi 0
    i x , y  px . Therefore x, y    p x , y   i m i1 lm i lmim
l l l p x , y  p x  p S. This proves the lemma.l 0 l
LEMMA 2.2. Let R be a radical ring whose adjoint group R is n-Engel.
Then R is locally nilpotent and eery 2-generator subgroup of R is nilpotent
of class bounded by a function of n.
  Ž .Proof. The local nilpotency of R is proved in 2, Corollary 1 c , and
so in particular every 2-generator subgroup of R is nilpotent. Since the
class of radical rings whose adjoint groups are n-Engel is closed with
respect to taking radical subrings, homomorphic images, and cartesian
products, it forms a variety of radical rings. Thus there exists a radical ring
Ž .A 2 on two generators x and y which is free in this variety. In particular,n
every radical join of any two elements r and s in R is a homomorphic
Ž . ² : image of A 2 such that the subgroup r, s of R is an image of then
² : Ž . ² :subgroup x, y of A 2 . Hence the nilpotency class of r, s is boundedn
² :by the nilpotency class of x, y .
LEMMA 2.3. Let R be a radical ring whose adjoint group R is n-Engel.
Ž . Ž .Then there exist positie integers a a n and b b n depending only on n
such that R contains a radical subring S which satisfies the following two
conditions:
Ž .1 S is Lie nilpotent of class at most b,
Ž .  2 the adjoint group S of S is a normal subgroup in R and the factor
group RS  is of finite exponent diiding a.
Proof. Since the group R is locally nilpotent by Lemma 2.2, it follows
  Ž .from the main result in 4 that there exist positive integers c c n and
Ž . e e n depending on n such that R has a normal subgroup N of
exponent e such that the factor group RN is nilpotent of class at most
² : c. Furthermore, every 2-generator subgroup x, y of R is nilpotent of
class bounded in terms of n only by Lemma 2.2, so that its Prufer rank is¨
Ž .also bounded by a function d d n of n. But then the intersection
² : cdN x, y is of finite order bounded by a e . Therefore, for each
x R and every yN, the ath adjoint power of x in R centralizes y.
Hence this adjoint power of x centralizes N for every x R. Let S be the
centralizer of N in R. Then S is a radical subring of R whose adjoint
group S is normal in R and the factor group RS  is of finite
exponent dividing a. Since RN is nilpotent of class at most c, so is the
 Ž  . factor group S  N S . However, N S is contained in the center
of S so that S is nilpotent of class at most b c 1. Therefore S is
 Lie nilpotent of the same class by a theorem of Du in 7 .
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LEMMA 2.4. Let R be a nil ring whose additie group is a p-group. If the
adjoint group R is n-Engel, then R is an m-Engel ring for some m depending
only on n.
Proof. The group R is a locally nilpotent p-group by Lemma 2.2 and
 1, Lemma 2.4 . Then there exists a subring S in R and positive integers
a, b such that Statements 1 and 2 of Lemma 2.3 hold. Clearly, if a is not
divisible by p then R S is Lie nilpotent of class at most b, and so is
b-Engel. Let p divide a and let k, l be the integers such that pk1 b
 pk
and pl1 a
 pl. If R is an algebra over the field with p elements, then
for any elements x, y R the powers x p l and y p l belong to S. Therefore
Ž .from  it follows that
k l k l k l lp p p p
kx , y  x , y  0.p
k l  Hence in this case R is a p -Engel algebra by 13, Theorem B .
Consider now the general case. Passing to the factor ring RpR, we
    2 blk l 2 b lk lhave x, y  pR and so x, y  p R by Lemma 2.1. However, byp p
  2 l l5, Proposition , p R coincides with the set of all p -th adjoint powers of
the elements of plR and so is contained in S. Thus
2 l 2 l 2 bl0 p R , . . . , p R  p R , R , . . . , R .    
b 1b
Therefore
   2 b lk l 2Žbk . lx , y , y , . . . , y  x , y  0p p b1 
b 1
2Ž bk . land we can take m a  b 1.
LEMMA 2.5. Let R be a radical algebra oer a field of prime characteristic
p. If the adjoint group R of R is locally nilpotent, then the torsion subgroup T
of R forms a locally nilpotent ideal of R.
Proof. Let S be the subalgebra of R generated by T. Then S is a
homomorphic image of the augmentation ideal of the group algebra of T
over the field of characteristic p. Since T is a p-group, this ideal and thus
 S are locally nilpotent algebras by 11, Lemma 3.1.6 . Therefore the adjoint
group S of S is a p-group and hence S T. Thus S T. Now let
x R and t T. Since the subgroup of R generated by x and t is
nilpotent, its torsion subgroup is finite and so there exists a positive integer
n such that the nth adjoint power of x centralizes t. Consequently, using a
ŽŽ . .n Ž .n Ž1x .n 1 1xformal identity 1 for R, we have 1 x t  1 x t  t t
ŽŽ . .nand thus the element 1 x t is nilpotent because so is the element
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Ž1x .n 1 1x Ž .nt  t t which lies in T and centralizes 1 x . Therefore
ŽŽ . . p m Ž Ž . . p m1 x t  0 for some positive integer m so that 1 1 x t  1.
Ž .Hence 1 x t T which implies xt T. Similarly, tx T. Thus T is an
ideal of R.
THEOREM 2.6. Let R be a radical algebra oer a field of characteristic
p	 0. If the adjoint group R of R is n-Engel, then R is an m-Engel algebra
for some m depending only on n.
Proof. As has been already mentioned, since R is a locally nilpotent
Ž .group by Lemma 2.2, it is nilpotent of class c c n modulo a normal
Ž .subgroup of finite exponent e e n where c and e depend only on n.
Thus, if p 0 or p e, then the group R is torsion-free or has no
 elements whose order divides e respectively; see 2, Lemma 1 . Therefore,
in this case R is nilpotent of class c and hence R is Lie-nilpotent of the
 same class by Du’s theorem 7 so that we can take m c.
Now let p divide e. Since the torsion subgroup T of R forms a locally
nilpotent ideal of R by Lemma 2.5, the adjoint group of the factor algebra
RT is torsion-free and so, as above, this factor algebra is Lie nilpotent of
 class at most c. Thus, if x and y are elements of R, then t x, y  T.c
² : Consider the subgroup t, y of R generated by t and y. It is nilpotent of
Ž .class d d n depending only on n by Lemma 2.2. Therefore its torsion
subgroup is finite and hence there exists a positive integer l which is equal
to a power of the characteristic p of the field such that the lth adjoint
power of y centralizes t. Since this adjoint power coincides with y l, we
 l     have 0 t, y  t, y  x, y . Hence R is an Engel algebra and sol cl
 the length of every commutator of the form x, y with x, y R must bem
bounded. Indeed, otherwise the Cartesian product of infinitely many
copies of R could be a non-Engel radical algebra whose adjoint group is
n-Engel, contradicting the above statement. Thus R is an m-Engel algebra
for some positive integer m, and applying this for the radical algebra on
2-generators which is free in the variety of all radical algebras whose
 adjoint groups are n-Engel, we obtain that x, y  0 for some mm
depending only on n.
LEMMA 2.7. Let R be a radical ring whose additie group is torsion-free. If
the adjoint group R of R is n-Engel, then R is an m-Engel ring for some m
depending only on n.
Proof. Let x and y be elements of R. Show first that, for every prime
p and each positive integer i, the factor ring RpiR is l-Engel for some
Ž .positive integer l l n depending only on n. Indeed, by Theorem 2.6,
Ž .  there exists a positive integer k k n such that x, y  pR. By Lemmak
2.4, since the factor ring pRpiR is nilpotent, there exists a positive
Ž .   i    j1 integer j j n such that px, py  p R. But px, py  p x, y and,j j j
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  j1   iby Lemma 2.1, x, y  p R. Therefore x, y  p R and weŽ j1.k jŽ j1.k
Ž .can take l j j 1 k.
Put now S  pnR where p runs through all primes. Then S isp i0
an ideal of R which is also a radical algebra over the field  of rational
 numbers and the factor ring RS is likewise l-Engel so that x, y  S.l
Hence the adjoint group S is a torsion-free normal subgroup in R. Next
let Q be the radical join of S and y and let T be the torsion subgroup of
the adjoint group Q of Q. Then ST 0 and, as has already been
mentioned, the factor group QT is nilpotent of a class c bounded by a
function of n. Furthermore, the factor ring QS is commutative because it
is generated as a radical ring by one element. Therefore the factor group
QS  is abelian and so the group Q being a subgroup of the direct
Ž  . Ž   .product Q T  Q S is nilpotent of class c. Hence the subring Q
    is Lie nilpotent of class c by Du’s theorem 7 . Thus x, y , y  0 and wel c
can put m c l.
3. RINGS SATISFYING AN ENGEL CONDITION
Recall that the Levitzki radical of a ring is its unique maximal locally
nilpotent ideal. The proof of the following lemma is based on arguments
which are already well-known, and we outline them for the sake of
completeness.
LEMMA 3.1. Let R be an n-Engel ring and L its Leitzki radical. Then the
factor ring RL is commutatie.
Ž .Proof. Let S be a finitely generated subring of R and J S its Jacobson
Ž .radical. Using standard PI-theory, we find that the factor ring SJ S
must be commutative since it satisfies a non-matrix identity. By Braun’s
  Ž .theorem 3 , J S is nilpotent and so coincides with the set all of nilpotent
elements of S. Therefore, for each finitely generated subring T of R
Ž . Ž .containing S, the equality S J T  J S holds. Hence the union
Ž .LJ T where T runs through all finitely generated subrings of R is
the locally nilpotent ideal of R which contains all nilpotent elements of R
and the factor ring RL is commutative.
THEOREM 3.2. Let R be an n-Engel ring. Then the adjoint group R of R
is m-Engel for some m depending only on n.
Proof. If R is a ring obtained from R by adjoining an identity 1 in the1
usual way, then R is also an n-Engel ring and 1 R is a subgroup of1
the multiplicative group of R . For x, y , consider the subring S of1
Ž .1 Ž .1R generated by the elements 1 x, 1 y, 1 x , and 1 y . Then1
S is a four-generator n-Engel ring. Let J be the Jacobson radical of S.
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The factor ring SJ is commutative by Lemma 3.1 and J is nilpotent so
that J l 0 for some l	 1. Now, by induction on l, we show that
Ž .n 11 x, 1 y  1.Ž l1.
For l 1, this is obvious. By induction hypothesis we have
1 x , 1 y  1 J l1.Ž .Ž l2.n1
l1 Ž .So it suffices to prove that for every z J we have 1 z, 1 y  1.n
But it is easily checked that
1 1 1   1 z , 1 y  1 1 z 1 y z , y  1 1 y z , yŽ . Ž . Ž . Ž .
Ž .1 Ž .1  l1 Žbecause 1 z  1 z and 1 y z, y  J so that z 1
.1  Ž .1 y z, y  0. Replacing z by 1 y z, y and repeating this process n
times, we obtain
n  1 z , 1 y  1 1 y z , y  1,Ž . Ž .n n
as required.
Ž .Finally, if f n is the nilpotency class of the Jacobson radical of the free
Ž . Ž Ž . .n-Engle ring on four generators, then l
 f n and thus m
 f n  1 n
 1.
If S is a subset of a radical ring R, then using a formal identity 1 for R
Ž .1  Ž .1  4we denote by S 1 S the subset r 1 s r, s S of R. The
following lemma says essentially that every Engel ring whose adjoint
semigroup is embedded in a group has a radical ring of quotients.
LEMMA 3.3. Let R be a radical ring and S an Engel subring of R. Then the
Ž .1radical join of S coincides with S 1 S . Moreoer, if R is the radical join
Ž .1of S and J is a nilpotent ideal of S, then J 1 S is a nilpotent ideal of R.
Ž .1Proof. Let J be an ideal of S. Show that J 1 S is a subring in R.
Obviously it suffices to verify that for every two elements r J and s S
Ž .1 Ž .1there exist elements x J and y S such that 1 s r x 1 y .
  Ž .1 ŽPut s  r, s for each m	 1. Then s  J for every m, 1 s s 1m m m m
. Ž .1 s  s  1 s s , and there exists a positive integer n such thatm m1
Ž .1 Žs  0 for all m	 n since S is Engel. Hence 1 s s  s 1m n1 n1
.1s from which it follows that
n1 n11 s r r 1 s  s 1 s  Ž . Ž . Ž .Ž 1
Ž . n1s 1 s  s 1 s .Ž . Ž ..n1 n
Ž .n Ž .n1 Ž .Thus, putting x r 1 s  s 1 s  s 1 s  s and1 n1 n
Ž .n1 Ž .1 Ž .1y 1 s  1, we have x J and 1 s r x 1 y , as re-
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Ž .1quired. In particular, if S J, then S 1 S is a radical subring of R
Ž .1and so is the radical join of S. Moreover, if R S 1 S , then it is easy
Ž .1 mto see that J 1 S is an ideal of R and from J  0 for some m	 1
1 mŽ Ž . .it follows that J 1 S  0.
PROPOSITION 3.4. Let R be a radical ring on finitely many generators. If R
is n-Engel for some n	 1, then the Leitzki radical L of R is nilpotent and so
R is a nilpotent-by-commutatie ring.
Proof. If S is the subring of R generated by its finitely many genera-
tors, then S is a finitely generated n-Engel ring and so the Jacobson
radical of S is nilpotent by the above-mentioned Theorem of Braun. Since
R is the radical join of S, the proposition follows from Lemmas 3.1 and 3.3.
4. PROOF OF THE MAIN THEOREM
Proof. If R is an n-Engel radical ring, then its adjoint group R is
m-Engel for some m depending on n by Theorem 3.2.
Conversely, let R be a radical ring whose adjoint group R is n-Engel.
To prove that R is an m-Engel ring for some m depending on n it suffices
to show that R is an Engel ring. Indeed, in this case the length of each
 commutator of the form x, y with x, y R must be bounded by am
function of n because otherwise the cartesian product of infinitely many
copies of R is a non-Engel radical ring whose adjoint group is n-Engel.
Next, we may assume that the torsion subgroup T of the additive group of
R is a p-group for some prime p. In fact, since T and, for each prime p, its
primary component T form ideals of R, we can put T Ž p. T andp qq p
consider the factor rings RT Ž p.. If they are m-Engel and T is not a
p-group, then R is also m-Engel because  T Ž p. 0.p
Now let T be a p-group. Since the factor ring RT is torsion-free as an
additive group, it is m-Engel by Lemma 2.7 and so for any two elements
 x, y of R we have x, y  T. Therefore to complete the proof it ism
enough to show that for every z T there exists a positive integer l such
  athat z, y  0. Note that p z 0 for some integer a	 0 depending on zl
since T is an additive p-group by assumption.
Now let Q be the ideal of R generated by z and let Y be the radical
join of y. Then paQ 0 and Q Y is a radical subring of R containing z
and y. Evidently, without loss of generality we may suppose that RQ
Y. If paR 0, then Theorem 2.6 and Lemma 2.1 yield that R is an l-Engel
 ring for some l depending on a and in this case z, y  0. In the generall
case paR is an ideal of R such that the factor ring RpaR is l-Engel and
  a a aso z, y  p R. Since p R p Y and the subring Y is commutative, thisl
 implies that z, y  0. The theorem is proved.l1
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Final Remark. The authors are indebted to the referee for pointing out
 the paper by Riley and Wilson 14 , which appeared after the present
paper was written.
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